We show that a large class of symmetry enriched (topological) phases of matter in 2 + 1 dimensions can be embedded in "larger" topological phases -phases describable by larger hidden Hopf symmetries. Such an embedding is analogous to anyon condensation, although no physical condensation actually occurs. This generalizes the Laudan-Ginzburg paradigm of symmetry breaking from continuous groups to quantum groups-in fact algebras-and offers a potential classification of the symmetry enriched (topological) phases thus obtained, including symmetry protected trivial phases as well, in a unified framework.
Recently, there is a surging progress 1-14 in constructing and classifying gapped phases with symmetries, namely the symmetry enriched phases (SEPs), including symmetry protected trivial (SPT) phases and symmetry enriched topological (SET) phases. Understanding these phases is a fundamental question in condensed matter physics which also promises potential applications, such as topological quantum computation. In this letter, we propose a systematic construction of SEPs by embedding them in different intrinsic topological orders. We recover the SEPs via condensation of anyons, although here we only borrow the Mathematics, and no physical condensation actually occurs. The Mathematics here is in fact that of Hopf symmetry breaking, as generally a topological order has a hidden symmetry algebra, a Hopf algebra, which is broken by the anyon condensate. This thus generalizes Landau's symmetry breaking paradigm.
The Hopf breaking picture reproduces all the 2+1 d SET phases thus far constructed via the projective symmetry group (PSG). As such, to understand the Hopf breaking, we begin with the PSG, treating it as a special case. Consider an SET phase S, a deconfined gauge theory with gauge group N g and a global symmetry G s ; for later convenience, we call the topological order described by the gauge group N g the bare phase of S. The phase S is specified by assigning compatible G s charges, potentially fractionalized, to the N g gauge charges (chargeons), fluxes (fluxons) and dyons, which are generally anyons. A PSG group G can encode such an assignment, such that N g is its normal subgroup, and that G s = G/N g . The embedding of N g in G determines the non-trivial G s representations the anyons fall into.
An alternative way exists, however, to encode the quotient group structure, by choosing a "charge condensate" |Φ such that N g is the invariant subgroup of G that keeps |Φ invariant. This is familiar in the Higgs mechanism, where the quotient G s = G/N g describes the moduli space, and in the PSG construction G s is interpreted as the global symmetry. The condensate |Φ by definition transforms under G s and thus carries a G s charge, but it carries no N g charge and thus automatically belongs to the topologically trivial sector of the N g gauge theory.
To emphasize the distinction from a physical condensate, let us call |Φ the charged vacuum.
In the context of a topological order, the chargeons and fluxons of the deconfined gauge theory are on equal footing. The "anyon condensate" perspective of the PSG construction therefore immediately suggests a generalization by considering more general |Φ .
We therefore need to go beyond gauge symmetry breaking. It turns out Hopf symmetry breaking, which naturally treats chargeons, fluxons and dyons equally, can describe general anyon condensates. In fact, for a general topological phase not necessarily related to a gauge theory, each type of anyon is simply a representation of some given hidden Hopf symmetry algebra. Hopf symmetry breaking has been discussed in the context of anyon condensation [15] [16] [17] [18] [19] [20] , where a macroscopic condensate of anyons appears, driving a phase transition that takes one topological phase described by Hopf algebra A to another phase described by U. Here, the same Mathematics encodes the physics of SEPs. A topological phase with a Hopf symmetry A, which plays the role of PSG, encodes an SEP phase whose bare phase has a smaller Hopf symmetry U. Let us summarize the four steps of how this is to be done:
Step 1: The charged vacuum |Φ . As discussed above, we first choose a |Φ in the representations of A. In the PSG construction |Φ is just a state in a representation of the PSG G. The topological order in the SEP phase S is then related to the subalgebra of A, denoted T , that keeps |Φ "invariant", a subtle concept that has to be defined carefully in the context of an algebra, and such an approach has indeed been taken in Ref 16 . This approach is well defined in Hopf algebras such as the twisted quantum double (TQD) 5, 21 , where the internal states of all representations are physical and appear in the physical Hilbert space. In these cases however, the quantum dimension of the anyon (representation) containing the "charged vacuum" is necessarily an integer.
More generally, anyons have fractional or even irrational quantum dimensions, e.g., the anyons described by quantum groups U q (sl 2 ) for q a root of unity; nonetheless, it is still possible to define |Φ as hidden in a rep-resentation of A 18 , although one does not solve for the subalgebra T explicitly. Instead, one assumes 22 that each representation (anyon) a of A decomposes to representations (anyons) a i of T :
where n a i is the multiplicity of the representation a i of T in the decomposition. Note that the decomposition conserves the quantum dimension,
One can choose |Φ to be one (or more) of these a i 's hidden in an (or several different) a. The allowed quantum dimension for |Φ must be one, as expected of a physical excitation, and the topological spin θ |Φ of |Φ , the self statistics of |Φ , should be unity. Prior discussions of SEP phases describable by gauge theories enriched by global symmetries 6 call |Φ a "pure (G s ) charge', which has bosonic self statistics and trivial mutual statistics with all other electrically gauge charged particles, in accord with our discussion.
Step 2: Identifying the "bare phase" and the confined sector. One might expect the "bare phase" to be described by the "invariant subalgebra" T above, but this is not true 23 . According to the literature on anyon condensation, an anyon condensate always divides the the anyons into two distinct sets: the confined and unconfined sectors. The former consists of all the anyons that are non-local with respect to the condensate, whereas the latter consists of those local with respect to the condensate. Two excitations are mutually local if they have trivial mutual statistics. An anyon mutually non-local with the condensate would pull a string in the medium, and its creation or isolation is thus energetically expensive, i.e., they are indeed confined. This concept is again applicable here in determining the "bare phase". Recall in Step 1 that |Φ is taken as the charged vacuum. Therefore, barring the G s charge it carries, as far as the "bare phase" is concerned, it behaves exactly as the trivial sector, which is necessarily mutually local with all other anyons of the "bare phase". As such, the anyons in the confined sector cannot be part of the "bare phase". Discussed in Ref 6, 8, 24 , confined particles are precisely those identified as the "twist" particles. As a result, quite generally, the Hopf algebra U that characterizes the "bare phase" differ from the "invariant subalgebra" T introduced above, as some of T 's anyon representations are excluded from U.
To recover U, we should first isolate the confined sector. For this we need the fusion algebra of the decomposed anyons a i and b j , which we can deduce from two facts: 1) the fusion rules commute with (1), namely
which implies the conservation of quantum dimension, and 2) the fusion algebra is associative. Consider particularly the fusion of the decomposed pieces a i and |Φ . Since |Φ is topologically trivial in U, any two anyons belong to the same topological sector in U if they are related by fusion with |Φ . But if two supposedly identified anyons a i and b j descend from anyons a and b in A with topological spins θ a = θ b , then as anyons in U, they cease to have well defined topological spins; hence, they must be confined. According to Ref 18 , this is an if-and-only-if condition for determining the confined anyons.
With all confined anyons excluded and all anyons related by |Φ identified, what remains is the unconfined sector consisting of anyons with well defined topological spins and fusion rules between them, leading to a unique U. Clearly to describe SET phases, the resultant U is non-trivial with multiple topological sectors, whereas a trivial U encodes the physics of SPT phases. We note that in practice there are further consistency conditions that has to be taken into account to obtain the complete fusion algebra, as detailed in 18 .
Step 3: Identifying the global symmetry group action and the pure braids. The story of anyon condensation ends, but our journey has only just begun: we need to find out the global symmetry G s and how it transforms the anyons in U. The key lies in the confined sector. Let us propose a rule for Abelian A and U: One can extract the group action of an element g i of G s by winding the physical system (a set of particles in U) around a spectator, a specific confined particle c i corresponding to g i . The fusion of the spectators modulo the fusion of the unconfined sector yields the structure of G s . That is, the confined sector generates the group action of the non-trivial elements of G s ; the unconfined particles obtainable from fusing the confined particles generate the action of the identity, and are thus related to global charge fractionalization. The gauging procedure in Ref 6,8,25,26 inspires the above proposal. When the global symmetry is gauged, the new theory has an expanded spectrum containing excitations carrying "magnetic flux" of the global symmetry G s . In those cases studied, the Aharanov-Bohm phase acquired by a G s charge moving about a G s flux coincides with a particular group action of G s , depending on the flux particle involved.
This can be contrasted with Ref 4 which gives a consistency condition of the G s action, that the identity element of G s must act on individual anyons in a way such that its aggregate action on a system of anyons fusing to a physical state is trivial. This condition strongly points to identifying confined particles as "generators of G s ", up to their fusion to unconfined particles. This also complies with our intuition from group symmetry breaking, where G s is certain quotient of A by U.
A complete generalization of the above statements to non-Abelian A and U is unclear. For example, quite generally introducing an extra confined anyon into the system of unconfined anyons enlarges the Hilbert space. Winding the physical system around the confined particle is given by some general unitary operator that acts on the enlarged Hilbert space. It is thus not immediately obvious whether we can systematically truncate the operator to act on the subspace corresponding to one that describes the original physical system. Also the fusion of confined particles generally lead to a direct sum of anyons, potentially containing both confined and unconfined ones, rendering the G s group structure unclear.
There are however large classes of special cases where some statements can be made. When A is a TQD of G, the anyons carry integer quantum dimensions, as they are basically irreducible representations of the group G and its various subgroups. The braiding of anyons always factorizes into actions on the internal spaces of each anyon present. Here, one can also read off the group action of G s by braiding. The fusion algebra of the confined particles there is consistent with the group product in the sense that the Aharanov-Bohm phase acquired through braiding with a set of confined particles is equal to the product of these transfomations obtained from braiding with individual constituents in the set of confined particle in a specific order that can be understood from the property of the fundamental group governing the combining of loops 27 . A non-Abelian Z 3 2 twisted gauge theory can be broken down into a novel SPT phase that involves rotation of different species, to be reported in a forth-coming paper 35 . An ambiguity arises in the overall phase factor if the confined particle has quantum dimension > 1 as it also suffers a transformation of its internal space upon braiding with an unconfined particle.
For more general non-Abelian A, well known examples also exist where the fusion algebra of the confined particle reproduces the group structure G s . Consider A corresponding to the Ising×Ising theory. An SET is embedded in which the Z 2 toric code is endowned with a Z 2 global symmetry, which exchanges the e and m excitations 8,10 . The fusion of any two of the four confined anyons {(σ, 1), (1, σ), (ψ, σ), (σ, ψ)} again yields an unconfined particle, which indeed reflects the Z 2 structure. This is studied in the supplemental material.
In any event, the above proposal reproduces all the known SEPs and their relationship with the gauged theory, barring the precise relation between confined particles and G s structure. It also opens a door to generating new phases beyond the PSG construction and the K matrix formalism, the latter method is suitable only for Abelian "bare phases".
In most cases in this letter, the anyons fall into the previously defined three kinds: chargeons, fluxons, and dyons, all having integer quantum dimensions and can be chosen as the condensate. For Abelian anyons, the corresponding LRE phase admits a simple formulation as a Chern-Simons (CS) gauge theory in terms of K matrices,
with U (1) gauge fields a I . To be specific, consider G = Z n , the K matrix is
where m ∈ Z n labels the n possible phases described by (3). The anyons then fall into vectors l = (
Vector addition modulo the trivial sector readily yields the fusion rules 8,10 . Now we explore an explicit example in this simple situation before heading to Step 4.
Example 1: n = 4 and m = 0 dyonic breaking. Here we let l |Φ = (2, 2). The anyons' mutual statistics demands that the unconfined anyons l u must satisfy
Having identified the anyons related by fusing with l |Φ and/or l B = (4p, 4q) with p, q ∈ Z, the trivial particles in the Z 4 gauge theory, we know the distinct U anyons are
The self statistics of such an l u reads θ u = πs(t − s/2), which is semionic. This means U describes a doubled semion model. The mutual statistics also enables one to parameterize the confined sector by
2 ) with l c 1 + l c 2 odd. Thus clearly, any two confined anyons fuse to an unconfined one, implying that G s = Z 2 . As such, we obtain from the topological phase described by a Z 4 gauge theory an SET phase: the doubled semion model enriched by Z 2 global symmetry. To see how this Z 2 symmetry transforms the U anyons, following the Step 3 introduced above, one picks a spectator l q from the confined; here, for simplicity we take l q = (1, 0). Note that any confined in this example works the same. The G s charge of an unconfined anyon reads Q u = l q ·K −1 ·l u , which readily gives rise to Table I in the supplemental material. From electric-magnetic duality it is clear that pure flux breaking is identical to the PSG construction.
Remarks: In the case with n = 4 and m = 2, condensing l |Φ = (1, 2) simply produces the bosonic SPT phase with Z 4 global symmetry, by a procedure similar to that in Example 1. On the other hand, the electric breaking for any m value in (4) via condensing l |Φ = (2, 0) reproduces the PSG-constructed SET phases 6 .
Step 4: Edge states. One may introduce a boundary to an SEP and study the edge modes. An important question regards the appearance of robust gapless modes. Non-trivial SPT phases have non-trivial edges, while a non-trivial SET phase may have a trivial edge, one that is gapped without breaking the global symmetry 7,8,10 . To begin with, let us consider the case where the gauged SET described by A is in fact Abelian, and the necessary and sufficient condition for a trivially gapped edge for Abelian topological order has been given 9 . The condition boils down to the existence of a Lagrangian subset L, comprising topological sectors that have trivial mutual statistics, and that any topological sector not in L must have non-trivial mutual statistics with at least one member of L. Note that L is closed under fusion.
As encountered in Example 1, we can describe an Abelian A as a CS theory, characterized by an N × N symmetric K A matrix, and whose quasi-particles are characterized by N −component integer vectors. Again we restrict to non-chiral phases, where K A has an equal number of positive and negative eigenvalues, implying that N is even.
The bare phase U of the Abelian SET is characterized by another matrix K U . The anyon condensation process that connects K U and K A is understood as follows 8 :
and that excitations in A and those of U are related by
where the matrix M ensures that all the flux particles generating global symmetry on the SET phase are valid quasi-particles in the theory of K A . This relation between the SET and the gauged theory ensures that the gauging preserves the braiding/commutation properties between quasi-particles. The above transformation guarantees that every boson (in the trivial sector) in K A is automatically a boson in K U . In particular, this implies that every bosonic excitation belonging to the self and mutually commuting set (i.e. a set of {l i } satisfying
A · l j = 0) also correspond to commuting bosons in K U , and we recall that condensation of these bosons are responsible for gapping the edge.
But the converse of the above statement is not true: Some bosons, and also self-commuting bosons in K U correspond to non-trivial topological sectors in K A . These non-trivial topological sectors are precisely those corresponding to the charged vacuum l |Φ . Suppose at least one Lagrangian subset exists for the phase A, such that its edge is gapped. The L A ensures that there is a complete set of N/2 linearly independent mutuallycommuting bosons that can condense simultaneously. The completeness reads that any other condensable boson should not commute with at least one member of the above set. Now, does the set of condensable bosons always stay complete from the point of view of K U ?
The answer is "No". First, members of an L can be represented by a set of l-vectors arranged to be selfnull for all i, j ∈ L. Second, integer combinations of these l-vectors can reproduce the entire set of condensable bosons 7,29 . Hence, condensation of the complete set of condensable bosons automatically leads to the condensation of the entire L. So a complete condensable set in K A potentially does not map to a complete condensable set in K U , and the missing bosons correspond precisely to the l |Φ . This scenario arises when l |Φ ∈ L characterizing the condensed, complete set of bosons in K A . Physically, since l |Φ carries a global symmetry charge, were it part of the Lagrangian subset, which physically condenses at the boundary, the edge would break the corresponding global symmetry. Summarising, the edge of an SET can be gapped without breaking G s if there exist a Lagrangian subset in K A which does not contain |Φ .
Remarks on Non-Abelian A: In non-Abelian phases, a general understanding of gapping conditions is so far lacking. Note that one can rephrase the property of the Lagrangian subset as follows in terms of anyon condensation. A Lagrangian subset is a collection of anyons such that they can condense at the same time and that the resultant phase is a trivial order with only a single topological sector. The above statement however admits a direct generalization to nonAbelian phases; therefore, it is tempting to conjecture that it is the gapping condition for non-chiral theories where topological central charges c L = c R 30 . This conjecture would suggest that the corresponding gapping condition of the SET with topological order U is such that the charged vacuum |Φ belongs to the generalized Lagrangian subset L as defined above.
Fractionalization? Before we conclude, let us comment on the allowed "global charge fractionalization" of a given bare phase U. As aforementioned, pure braids between two unconfined anyons should generate consistent actions of the identity element of G s . Such an action on an anyon uniquely fixes the anyon's fractional charge. We can thus read off the allowed fractional charges from braiding properties of the bare phase regardless of G s , and how that is encoded in A. That is, consistent fractionalization is intrinsic to the bare phase. Consider one simple non-Abelian example, the Ising model. There are three topological sectors 1, σ, ψ, whose topological spins are h 1 = 1, h ψ = 
This shows that 1 and ψ transform as linear representations, but the global charge of σ is fractionalized into 1/2 and can transform projectively under any given G s . the central extension/PSG characterizing the projective representation is classified by H 2 (G s , Z 2 ). 2. Identity generator by braiding with σ: Consider a lump of 2N σ's as our physical system, and one extra spectator σ to be taken as our symmetry generator. Consider the pure braid in which the spectator σ encircles the physical system. The braiding matrix can be shown to be e iN π/2 2N i=1 γ i , where γ i are Clifford gamma matrices 31 . This operator measures the overall topological charge. For +1 eigenstates they correspond to overall fusion to 1, and −1 eigenstates to ψ. The braid matrix encodes a Z 2 subalgebra of the fusion algebra, although this cannot be understood as a local action on each anyon, but an aggregate action on the Hilbert space.
Conclusion: In this letter we present a generalization of the PSG construction of SEPs, by considering anyon condensation, and demonstrate how the physics of SEPs is encoded in a larger topological phase. Given recent progress in understanding anyon condensation 32, 33 , our methods is likely a first step toward a systematic classification of SEPs, particularly non-Abelian SETs.
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SUPPLEMENTARY MATERIAL

A. Dyonic breaking of Z4 gauge theory
We describe an example in which a Z 4 gauge theory is broken down into a doubled semion model with global Z 2 symmetry. We summarise the results below in Table  I that can be readily compared to results in 6 . It corresponds to the phase labeled (011) in 6 . It is remarkable that here that the dyonic breaking leads to the same result as electric breaking of a different gauge group, namely Z 2 × Z 2 . Note that particles with a unit of "G s twists" are by definition confined particles.
−1/2 1 1 Table I . The Gs-charges, the Gs-twists, the Gg-gauge sectors, and the statistics of the 16 kinds of quasiparticles/defects in the SET state m = 0 with l q = (1, 0).
B. Unconventional on-site transformation and Non-Abelian topological phases
The above examples focus on symmetry breaking in which the broken theory A is Abelian. While our understanding of non-Abelian A is incomplete, we would like to demonstrate here an example illustrating how our discussion thus far can be generalized.
The Z2 symmetric toric code model and Ising 2 model
This example is inspired by the explicit example of anyon condensation in which an Ising ×ising theory gets broken down to a Z 2 toric code, and the observation in 32, 34 that some dislocations in the Kitaev toric code model, such that the e and m excitations are exchanged upon crossing it, satisfies the fusion that resembles the Ising model. We will demonstrate how the framework proposed in this paper suggests that the Z 2 symmetry enriched toric code in which e, m are interchanged under the symmetry action is embedded in the Ising ×Ising theory.
Consider therefore A that describes the Ising ×Ising model. This is a direct product of two Ising, such that each copy has three topological sectors 1, σ, ψ with topological spins given by h 1 = 1, h σ = 1/16, and h ψ = 1/2, and quantum dimensions d 1 = 1, d ψ = 1, and d σ = √ 2 respectively. The fusion rule is already reviewed earlier.
There are thus altogether nine topological sectors, each denoted by a pair (x, y), x, y ∈ {1, σ, ψ}. The topological spin of each sector is then h (x,y) = h x − h y , where as the quantum dimensions are similarly given by d (x,y) = d x d y . We note that the copy ising denotes that the topological spins have their signs reverted, leading to the − sign in front of h y .
The charged vacuum is chosen to be |Φ = (ψ, ψ), which indeed has self-statistics unity. Now by checking the fusion with |Φ , one can deduce U. From (|Φ ≡ 1) ⊗ (σ, 1) = (σ, ψ)
we immediately conclude that (σ, 1) and (σ, ψ) belong to the confined sector since they have different topological spins, and similarly for (1, σ) and (ψ, σ). We also note that the fusion rules among confined particles are exactly those observed in the fusion between dislocations in Ref 34 . The dislocations described there correspond to our confined particles. Also the fusion between any two confined particles always lead to a direct sum that contains only unconfined particles, confirming the Z 2 global symmetry structure. As already noted in Ref 17 , the confined particles in an anyon condensate is related to the boundary conditions in the resultant topological order.
On the other hand, we have, within U,
Also, from
(σ, σ) ⊗ (σ, σ)= (1, 1) ⊕ (ψ, ψ) ⊕ (1, ψ) ⊕ (ψ, 1). (13) and using associativity and commutativity of fusion with decomposition, one can deduce that 
We thus identify U = D(Z 2 ), which is the hidden Hopf symmetry of the Z 2 toric code. We note that the discussion here agrees qualitatively with a very similar observation in 8 which relies on a construction based on the boundary CFT. Now we are interested in the G s group action and we would like to consider braiding between the unconfined sector and the confined sector. As mentioned above, in explicit constructions of the toric code models with dislocations 32, 34 , one sees explicilty that pulling e across a dislocation turns it into m and vice versa, which is interpreted as the Z 2 group action. Here we would like to pursue a second avenue to demonstrate this phenomenon, via using the Clifford algebra as the representation of the Ising model 31 . Let us consider the Hilbert space of the three anyon system: [(σ, σ), (σ, σ)](1, σ).
We can represent the Hilbert space as the vector space acted on by the direct product of γ i ⊗Γ I , where i ∈ {1, 2} and I ∈ {1, 2, 3}.
The basis states are given by v 1 ⊗ v 2 , where v 1,2 are each two component vectors. Monodromy between two (σ, σ) particles at i and j is effected by the matrix
